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In the recent theory of strong correlations by [1] – [3] it was shown that by lowering doping
concentration a forward peak is developed in the charge scattering channel. Accordingly, near the
optimal doping the nonmagnetic scattering is pronounced in the d-channel and d − wave pairing
is robust against defects and impurities. It is reflected in a decrease of the slope of the critical
temperature Tc(Γs) at Γs → 0 by factor (1−β), where β is the scattering anisotropy parameter and
Γs is an average scattering rate. For large doping, β is small [1], [2] and d − wave pairing loses its
robustness. The theory is generally formulated for the bi-layer model by including: (1) intra- and
inter-plane pairing; (2) intra- and inter-plane impurities.
Recently there were a lot of evidences for d − wave
pairing in high-Tc-superconductors (HTS). However, the
mechanism of pairing is still unknown, although many
proposals were done. For instance, there were claims
that superconductivity is due to strong correlations [4],
or that AF fluctuations are important - see [5]. Even
the electron-phonon interaction renormalized by strong
correlations can give rise to d − wave pairing, as it was
shown by Kulic´ and Zeyher [1], [2], [3]. Moreover, in
[1], [2], [3] it was shown that the charge-charge scatter-
ing is renormalized via a charge-vertex γ(~q) (screening
due to strong correlations) with a peak in the forward
scattering (| ~q |≪ kF ), while the backward scattering
(large | ~q |) is suppressed. This means that a bare non-
magnetic scattering potential U0(~q) is renormalized by
strong correlations U0(~q) → Ueff (~q). Note, in the Born
approximation (after averaging over impurity positions)
one has Ueff (~q) = γ
2(~q)u20(~q) ≡ u
2(~q), where u0(~q) is
the single impurity potential. It follows [1], [2], [3] that
when the bare potential is local, i.e. u20(~q) = const, Ueff
becomes ”long-ranged” in the presence of strong correla-
tions. Moreover, within the t−J model [1], [2], [3] and at
some optimal doping δ ≈ 0.2 the d-channel component
of Ueff (~q) is of the same order of magnitude as the one
in the fully symmetric s-channel. When U0(~q) is due to
the electron-phonon interaction then superconductivity
can be also of d-type in the presence of strong Hubbard
repulsion.
If we accept that superconductivity in HTS is of
d − wave type, then one can put a question: why
is d − wave pairing robust in the presence of various
kinds impurities and defects in HTS materials, as it
was observed experimentally [6], [7]? In this paper we
present a simple theory, which is based on the effec-
tive nonmagnetic impurity potential Ueff (~q) with the
large d-component and investigate its effect on d−wave
pairing [8]. Experiments on the irradiation of samples as
well as on substitution of atoms in HTS materials are
analyzed by using the proposed theory. In the following
we consider the weak coupling theory [9] and its exten-
sion to the bi-layer systems [10], [11]. In the bi-layer
model (adequate for Y Ba2Cu3O7−x) with the hopping
t⊥ between two layers (separated by Y ions) and with
the intra- and inter-layer pairings ∆‖(~p) and ∆⊥(~p) re-
spectively the averaged (over impurity positions) Green’s
function Gˆ(p)(≡ Gˆ(~p, iωn)) is 4 × 4 matrix. It is given
by Gˆ−1(p) = Gˆ−10 (p)− Σˆimp(p)Gˆ(p), where Gˆ0(p) is the
bare Green’s function and the impurity self-energy ma-
trix Σˆimp(p) in the bi-layer model is given by [9]
Σˆimp(~p, iωn) = c
∫
d2p′
(2π)2
Uˆ impeff (~p, ~p
′)Gˆ(~p′, iωn). (1)
Here, ωn = πT (2n+ 1) and c are Matsubara frequencies
and the concentration of impurities respectively. In or-
der to simplify notations we set Uˆ impeff (~p, ~p
′) ≡ Uˆ(~p, ~p′).
The structure of the 4×4 matrix Uˆ(~p, ~p′) depends on the
type of impurities: Case I - there are inter-layer impu-
rities (for instance substitution of Y by Pr); Case II -
there are intra-layer impurities (for instance substitution
of Cu by Zn, or the presence of oxygen vacancies due to
ion damaging etc.). They are explicitly given in [10] - see
also below. Since, in the weak coupling limit the rele-
vant processes are taking place near the Fermi surface it
is assumed that the matrix Uˆ(~p, ~p′) ≡ Uˆ(θ, θ′) depends
on the angles θ, θ′ of momenta on the Fermi surface. In
the following, the definition
∫ 2pi
0
dθ′
2pi
(...) ≡ 〈(...)〉θ′ is used.
Gˆ−1(~p, iωn) in the bi-layer model is searched in the form
analogous to that given in [10], [11], with renormalized
Matsubara frequencies ω˜n and renormalized supercon-
ducting order parameters ∆˜n,i (~p) (i = 1, 2 is the band
index -see below)
ω˜n(θ) = ωn +
1
2
〈τ−1
i¯ i¯
(θ, θ′)
ω˜n(θ
′)√
ω˜2n(θ
′) + ∆˜2
n,¯i
(θ′)
〉θ′ (2)
1
∆˜n,i(θ) = ∆i(θ) +
1
2
〈τ−1
ij¯
(θ, θ′)
∆˜n,j¯(θ
′)√
ω˜2n(θ
′) + ∆˜2
n,j¯
(θ′)
〉θ′ .
(3)
To this set of equations one should add also the self-
consistent gap equations
∆i(θ) = Tc
∑
n
〈λij¯(θ, θ
′)
∆˜n,j¯(θ
′)√
ω˜2n(θ
′) + ∆˜2
n,j¯
(θ′)
〉θ′ . (4)
The summation over the bar indices is assumed every-
where. Here, ∆i(θ) (i = 1, 2) is the gap in the i − th
band, i.e. ∆1,2(θ) = ∆‖(~p) ∓ ∆⊥(~p) where λij(θ, θ
′)
(i, j = 1, 2) are the intra- and inter-band pairing coupling
constants [10]. In the following, we assume d−wave pair-
ing (instead of the s − wave one used in [10]) ∆i(θ) =
∆iYd(θ) = −∆i(θ + π/2), 〈Yd(θ)〉θ = 0, 〈Y
2
d (θ)〉θ = 1,
and λij(θ, θ
′) = λijYd(θ)Yd(θ
′). Near the critical tem-
perature Tc one can linearize eqs.(2)-(4) which gives
ω˜n(θ) = ωn[1 +
1
2
〈τ−1
i¯¯i
(θ, θ′)〉θ′
| ωn |
] ≡ ωnηn(θ) (5)
∆˜n,i(θ) = ηn,ij¯(θ)∆j¯(θ), (6)
where τ−1ij (θ, θ
′) and ηn,ij¯(θ) depend on the type of im-
purities (intra- or inter-plane) -see [10], while ηn,ij¯(θ) are
solutions of a coupled set of integral equations (w.r.t.
θ). In the presence of inter-plane impurities (the case
I), one has τ−1ij (θ, θ
′) = δijNi(θ)U(θ, θ
′), where Ni(θ)
are the fully symmetric angle dependent band (i = 1, 2)
density of states on the Fermi surface. Note, this kind
of impurities does not affect isotropic s − wave pair-
ing - see [10], but it does affect d − wave pairing [12].
In the case II of the intra-plane impurities one has
τ−1ij (θ, θ
′) = Ui(θ, θ
′)Nj(θ) with U1(θ, θ
′) = U2(θ, θ
′).
Note, the s−wave inter-layer pairing is strongly affected
by these impurities, due to the breaking of the local re-
flection symmetry between layers [10] - transitions be-
tween symmetric and antisymmetric band occur.
Let us analyze the case II, which is frequently realized
in the Y Ba2Cu3O7−x family. A very important ingredi-
ent of our theory are strong correlations, for which it has
been shown that in τ−1(θ, θ′) only s- and d-channels dom-
inate [1], [2], [3]. When generalized to the bi-layer model
one has τ−1ij (θ, θ
′) = Γs,ij(θ, θ
′) + Γd,ijYd(θ)Yd(θ
′) + ....
Note, Γs,ij(θ, θ
′)(> 0) is fully symmetric and it holds
Γs,ij(θ, θ
′) > Γd,ijYd(θ)Yd(θ
′), where Γd,ij > 0. Their
doping dependence is analyzed below. Let us assume
that the fully symmetric scattering rates are weakly an-
gle dependent, i.e. Γs,ij(θ, θ
′) ≃ Γs,ij . In this case eq.(3)
is reduced to a set of algebraic equations for the critical
temperature Tc
∆i = Tc
∑
n
λij¯
ηn,j¯k¯∆k¯
| ωn | ηn
, (7)
where ηn = 1+(Γs,11+Γs,22)/ | ωn |, ηn,ij = δij+Γd,jj/(|
ωn | +Γs−Γd), Γs = Γs,11+Γs,22, and Γd = Γd,11+Γd,22.
Eq.(7) contains reach physics which depends on the val-
ues and signs of the coupling constants λij see [12]. How-
ever, in order to illustrate the basic effect of strong cor-
relations we simplify the problem by assuming that the
inter-layer pairing is negligible, i.e. ∆⊥(~p) ≈ 0 and
∆1 ≈ ∆2 ≈ ∆‖. Then eq.(7) is reduced to
ln
Tc
T 0c
= [ψ(
1
2
)− ψ((1 − β)x +
1
2
)], (8)
where β = (Γd/Γs) < 1, x = Γs/4πTc and T
0
c =
1.13ωc exp{−1/λ}, λ = λ11 + λ12. Similar equation
has been obtained also in [13]. It tells us that the
pair-breaking effect of nonmagnetic impurities is strongly
reduced if the scattering potential contains a large
anisotropic part which is compatible with the pairing am-
plitude. It follows from eq.(8) that in the presence of an
anisotropic scattering (β 6= 0 ) d− wave pairing is more
robust than in the case of the isotropic one (β = 0 ).
This robustness is reflected in the decrease of the slope
of Tc(x) at x = 0 by factor (1− β). It should be stressed
that the order parameter keeps its d − wave form, i.e.
∆(θ) ≈ ∆dYd(θ) and 〈∆(θ)〉 = 0.
The above simple analysis would not deserve to much
attention if we would not be able to find the range of
the parameter β, as well as the origin for its large value
in HTS. Luckily, the doping dependence of β(δ) can be
extracted from the theory of strong correlations [1], [2],
[3], where for δ ≤ 0.2 the parameter β becomes of the
order of one(!), while at large doping (1 − δ → 0) one
has β ≪ 1 -see Fig.1. The latter value leads to a rapid
decrease of Tc by increasing Γs. These results tell us that
d−wave pairing in the underdoped and optimally doped
HTS materials is robust in the presence of impurities,
while it is much less robust in the overdoped systems -
see Fig.1.
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FIG. 1. The anisotropic scattering parameter β as a func-
tion of the doping concentration δ based on the work [2].
The average pair-breaking parameter Γs is extracted
from the measurements of the residual resistivity ρi =
4π/τtrω
2
pl, which is due to the substitutional defects
(Cu→ Zn, Y →Pr) or due to the ion (Ne+) or electron
damaging of HTS materials - see [6], [7]. The plasmon
frequency ωpl is extracted from the slope α in the linear
resistivity ρ(T ) = ρi + αT , where (4π/ω
2
pl) = α/2πλtr
and λtr is the transport coupling constant. The realistic
guess for λtr is λtr ≈ 0.3 [15]. However, it is not correct
to replace Γs by 1/τtr because for the latter backward
processes dominate. It turns out that in the presence
of strong correlations one has Γs = p · 1/τtr, i.e. Γs
= 2pπλtr(ρi/α) and for/below optimal doping δ ≤ 0.2 it
is obtained p ≈ 2 and β ≥ 0.8 [2], [3].
We discuss here three scenarios for the suppression of
the measured slope (dTc/dx)x=0 (x = ρi/α), which are
compared to the prediction of the A − G theory [9], [7]
for d− wave pairing with isotropic impurity scattering.
1) d−wave pairing (〈∆(θ)〉θ = 0) and anisotropic
scattering (β 6= 0)
Based on the above analysis and from eq.(8) one has
(dTc/dx)x=0 = −p(1− β)λtrπ
2/8, (9)
where x = ρi/α. The experimental value is
| dTc/dx |x=0≈ 0.25 [6], [7], [17], [18]. For p ≈ 2
and λtr ≈ 0.3 [15] one obtains β
exp ≈ 0.85. Such a large
experimental value of β is in accordance with the predic-
tion of the theory of strongly correlated electrons [1], [2],
[3]. This means that the present theory can consistently
explain the experimental slope | dTc/dx |x=0 [6], [7] -
see Fig.2.
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FIG. 2. The critical temperature Tc[K] of d − wave su-
perconductor as a function of the experimental parameter
ρi/α[K]. The case β = 0 is the prediction of the standard
d − wave theory with isotropic scattering. The experi-
mental data are given by crosses – YBa2Cu3−xZnyO7−δ
[17], and circles – Y1−yPryBa2Cu3O7−δ [18].
2) Anisotropic pairing (〈∆(θ)〉θ 6= 0) and
isotropic scattering (β = 0)
Based on eqs.(2)-(5) one obtains eq.(9), where β →
βan = 〈∆(θ)〉
2
θ/〈∆
2(θ)〉 – see [14]. For | dTc/dx |x=0≈
0.25 one has βexan ≈ 0.85, i.e. 〈∆(θ)〉θ ≈ 0.9
√
〈∆2(θ)〉.
This result means that a large s − wave component ap-
pears in the order parameter, i.e. ∆(θ) = ∆s +∆dYd(θ)
and ∆d ≈ 0.5∆s. This result is compatible with the
experimental observation of the finite critical current in
the Pb − Y BCO Josephson contact along the c − axis
[16], but it is incompatible with d − wave like pairing
(| 〈∆(θ)〉θ | /∆max ≪ 1) found in many experiments.
3) Anisotropic pairing (〈∆(θ)〉θ 6= 0) and
anisotropic scattering (β 6= 0)
In this case one should set β → βeff in eq.(9), where
βeff = (β∆
2
d + ∆
2
s)/(∆
2
d + ∆
2
s). Since β
exp
eff ≈ 0.85 one
obtains ∆s = 2∆d
√
1− β/0.85. This means that finite β
suppresses the s−wave component in ∆(θ). In our opin-
ion, the realistic situation for the optimal doping might
be described by the case 1), or by 3) with 0.78 < β < 0.85
and 0 < ∆s < ∆d/3.
In conclusion, the effect of nonmagnetic impurities on
d − wave superconductivity in HTS materials is stud-
ied within the theory of strong correlations [1], [2], [3]
which predicts: (i) by lowering doping δ the forward
scattering peak is developed in a nonmagnetic scatter-
ing where a large d − wave component is present in it;
(ii) transport properties are renormalized in such a way
that 1/τtr = Γs/p, where p ≥ 2 for δ < 0.2. Based on this
theory, we have shown that the robustness of Tc in HTS
systems in the presence of defects and impurities is due
3
to: (a) an anisotropic scattering (due to strong correla-
tions) and (b) the anisotropic pairing with 〈∆(θ)〉θ = 0
or | 〈∆(θ)〉θ | /∆max ≪ 1. The theory, which is gen-
erally formulated for the bi-layer model with intra- and
inter-layer pairing and with intra- or inter-layer impu-
rities, shows that the underdoped and optimally doped
systems are robust in the presence of impurities, while
the overdoped systems lose this robustness.
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